We have studied the one dimensional A-body problem with delta-function interaction and width 2 C.
The problem of TV-mutually interacting particles of different masses in one dimension has been studied by various authors. A comprehensive literature may be found in the recently published by LIEB-MATTIS 1 , "Mathematical physics in one dimension".
For many cases of the interacting potential the above problem may be solved exactly. These cases have been studied and are mentioned in a paper by
The system of ,/V-fermions spin 1/2 of the same mass and d(xi-xj) interaction potential, distributed over a circle of radius L, has been recently studied by GAUDIN 3 .
Furthermore, Gaudin gives the equations for the calculation of the energy state of the system for all values of total spin S.
For the special case of attractive potential, in which the fermions act in pairs, the energy states of those pairs coincide with the energy states of a boson gas with the same interaction 6 (x^ -Xj) of width 2 C. Both the density of energy states and the ground-state energy E for spin zero are given by the same expressions.
For the case of boson gas in a repulsive potential the above quantities have been calculated by LIEB-LINIGER 4 and are given by the following expression, where the function j(q) satisfies the integral equation,
Integral equations similar to the above have been found by HULTHEN 5 and have been applied to problems of Ferromagnetism and Antiferromagnetism 6 . In the present paper we will study the solution of Eq. (2) which we write in the usual way as:
From this by changing the variables we can derive (2) and vice versa 4 .
For the solution of the integral equation (3) we shall use the moments method 7 and then apply the results to determine the ground-state energy and the excitation energies of different spins.
Investigation of the Integral Equation
As is known the integral equation (3) is a special case of the following integral equation
-l with integral kernel
The general theory for the Eq. (4) is given in the literature of integral equations 8 . The existence of a solution as well as the analyticity of the solution with respect to the parameter X has been studied by LIEB-LINIGER 4 .
Taking the above into consideration we will attempt to find the solution (3) by the use of the moments method which has recently been developed and applied by CHI-YU-HU 9 for the calculation of ground-state energy of different physical problems.
In addition it has been shown that the zero approximation of this method corresponds to the third order approximation of a normal perturbation method. Equation (3) can be written as: l
(6) We define the moments as
da; -l
and expanding the functions 1 /(x -y + iX), 1 /(x -y -iX) by MacLaurin's series (it is understood that they converge), we obtain 11
Bv substitution of (8) and (7) into (6) we obtain the following solution
Finally by substituting the above solution into (7), we obtain the following system from which the coefficients /m can be calculated 
Owing to the above relations the system (10)
breaks-up into two new systems of even and odd indices. Thus:
The system (14) is linear and homogeneous, the condition for its solution being the vanishing of the determinant. From this condition we can calculate the eigenvalues of the parameter A and then from the system (13) we can fied the coefficient I2n.
In many physical problems the values of the parameter X is defined from the solution of one more equation, e. g. in the case of Lieb-Liniger X satisfies the following equations:
Since it is possible to have eigenvalues which are solutions of (15) and for which the determinant of system (14) is non-vanishing, it follows that (14) has the zero soluiton, i. e. the odd coefficients are zero.
The above result may be expected on account of the existing symmetry of the problem.
The functions /0(Ä), I2(/i), which are required for the calculation of the eigenvalues of X as well as for the calculation of other physical quantities, are determined by solving the following system:
Before we attempt a solution of the system we must examine the coefficients #2» + i,27W(^) as functions of the parameter X and calculate then. -1 1 and for n = 0:
Calculation of the Coefficients B 2n + it2m(X)
Differentiating B\,2m(X) (2n) times with respect to X we obtain:
The above formula is very useful because it allows the computation of all the coefficients, by differentiation with respect to X, for any positive values of n,m. We write below the first coefficients:
A characteristic property of the coefficients B 2n + i,2m(X) is their asymptotic behaviour for large X, since they tend to zero.
The coefficient Bi,2m(X)
for 2>1 is easily computed as a series of inverse powers of X, i. e.
Bl,2m(X)
= ~Y 2 (-1)1 I zto 2 m + 2 ' + 1 W and from formula (19) we have
We can now solve system (16) by approximations and apply the results to determine the groundstate energy of an /V-particle interacting system.
Ground-State Energy of the System
To compute the ground-state of a system of vV-particles interacting in potential of the form 2 C S (xj -Xj) we need, according to LIEB-LINIGER 4 , the zero order moment
and the second order moment:
The values of the parameter X are determined from the eigenvalue equation
I0(X)=X
and the ground-state energy is given by For very large A, the aboe equation becomes:
e(7) = ^2(7/(7 + 2)) 2 .
These are exactly the results of LIEB-LINIGER 4 . We obtain a better expression for e(y) by solving system (16) up to 2m 5 i-e. 
/0W -
4 X* = y, e(y)=y.
The above expression are exactly the results of LIEB-LINIGER 4 . In the same way by the use of system (16) we can obtain any approximation we wish. The characteristic feature of the method of moments is the direct determination of the eigenfunction which has the following form 1 '
(39)
For the determination of the exciton spectrum we require, as we shall see in the next paragraph, the eigenfunction of the point x = 1.
The eigenfunction (39) for the value />1 converges absolutely. Study of the case X = 0 is more difficult to obtain because as we observe, X depends on y and for y = 0 the eigenfunction according to LIEB-LINIGER 4 , is no longer analytic.
If, therefore, the ground-state energy is known we can by this calculate other physical quantities, namely the chemical potential the potential energy of particle U, as well as the kinetic energy t.
According to Lieb-Liniger there will be 
The Excitation Spectrum and the Velocity of Sound
The excitation spectrum for a boson gas and the velocity of sound has been studied extensively by LIEB 10 . The sound velocity Us can be obtained from the excitation spectrum in the following way: 
while for the holes:
In view of (49) Eq. (50) gives
where the function is +2 ^ In Bn + hm(X).
The coefficients Bn>m(k) are defined by Eq. (11). Lieb examined Eqs. (45) in the region q^K for f^g integral
amined Eqs. (45) in the region q^K for which these by changing the variables,
on integration gives
The system (51) because of (53) is 
From formula (43) we get
The calculation of the sound velocity V s can also be expressed according to LIEB 10 as
from which we derive the results of BOGOLIUBOV 12 for small values of X. In the same way we can examine the energy spectrum of holes.
By the moments method we will also examine the HULTHEN 5 integral equation.
Hulthen's Equation
Hulthen's equation is closely related to the theory of antiferromagnetism of a infinite atomic chain. It is known that the problem of ferromagnetism and antiferromagnetism is connected with the spectrum of the following Hamiltonian, 
The magnetization Y of each atom is characteristic of the eigenvalue of the operator. (62) where N is the number of atoms.
Y=(l/N) 2O2
The magnetization Y and the ground-state of energy £0 are given by the relations 
Hulthen's equation (65) and relations (64) using the transformation
Making now use of the moments method we find the solution of Eqs. (73) On account of the solution (76) conditions (74) and (75) become JA(l-y) =70, 
The zero ordere approximation of (77) gives 
The above approximation may be used without restriction for all values of A.
The case A = 0 that is £0 = oo gives F = 0 which is the case of Hulthen.
Also for large values of A 1 the relation (82) gives 7=1.
The ground-state energy for the zero approximation is given by the following formula: The case A = 0 gives
thus giving the first terms of series (71).
More detailed investigation of Hulthen equation
is recently given in a new paper 14 in which the spectrum of Hamiltonian (61) is studied for all values of parameter A.
